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Given a sequence {Xn} of random variables, with values in a Polish space S and adapted to a filtration {(n}, let (n(() = (1/n)(i=1,…,nI{Xi((} be the empirical distribution and

an(() = P(Xn+1((|(n)

the predictive distribution. When studying empirical processes for non independent (or non ergodic) data, it is not always appropriate to compare (n with a fixed probability measure, like P(X1(() in case the Xn are identically distributed. Instead, it looks more reasonable to contrast (n with some random probability measure, and two natural candidates are an and bn = (1/n)(i=1,…,nai-1. Indeed, an is the basic object in Bayesian predictive inference. Hence, it is important that good approximations for an are available, and this leads to investigate the asymptotic behaviour of ((n – an). In its turn, ((n – bn) plays some role in various fields, including stochastic approximation, calibration and gambling.

In this framework, one question is whether

(1)
SupE(( |(n(E) – an(E)| ( 0 a.s.  or  SupE((  |(n(E) – bn(E)| ( 0 a.s.

where ( is some class of Borel subsets of S (such that the involved random quantities are measurable).  In case S = [0,1], one more problem is to find constants cn and dn, possibly random, such that the processes

(2)
cn[Fn – An]  or  dn[Fn – Bn]  converge in distribution 

(with respect to Skorohod distance), where Fn, An and Bn are the distribution functions corresponding to (n, an and bn, respectively.

In this talk, problems (1) and (2) are discussed, some results are stated, and a few open problems are mentioned. Among others, one result is that, in order to SupE(( |(n(E) – an(E)| ( 0 a.s., it is enough that

(*)
SupE(( |(n(E) – ((E)| ( 0 a.s.    for some random probability measure (,

(**)
P(Xj((|(n) = P(Xn+1((|(n)  a.s. for all j ( n ( 1.

Furthermore, when S = (k, condition (*) alone implies SupE(( |(n(E) – bn(E)| ( 0 a.s. for various significant choices of (. Apart from such result, both (*) and (**) have autonomous interest, and thus are briefly analysed. In particular, for S = ( and ( = {(((,t] : t ( (}, those sequences {Xn} satisfying (*) are characterized. Moreover, when (n = ((X1,…,Xn), it is proved that {Xn} is exchangeable if and only if it is stationary and (**) holds, some limit theorems under (**) are obtained, and examples of non exchangeable sequences satisfying (**) are exibhited. Finally, with reference to problem (2), suppose S = [0,1], (n = ((X1,…,Xn) and {Xn} is exchangeable. Then, the probability distributions of (n [Fn – Bn] weakly converge to a mixture of Brownian bridges.

